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We present a two-flavour linear sigma model with global chiral symmetry and vector and axial-
vector mesons. We calculate pipi scattering lengths and the decay widths of scalar, vector, and
axial-vector mesons. It is demonstrated that vector and axial-vector meson degrees of freedom
play an important role in these low-energy processes and that a reasonable theoretical description
requires globally chirally invariant terms other than the vector meson mass term. An important
question for meson vacuum phenomenology is the quark content of the physical scalar f0(600) and
a0(980) mesons. We investigate this question by assigning the quark-antiquark σ and a0 states of
our model with these physical mesons. We show via a detailed comparison with experimental data
that this scenario can describe all vacuum properties studied here except for the decay width of the
σ, which turns out to be too small. We also study the alternative assignment f0(1370) and a0(1450)
for the scalar mesons. In this case the decay width agrees with the experimental value, but the pipi
scattering length a00 is too small. This indicates the necessity to extend our model by additional
scalar degrees of freedom.
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I. INTRODUCTION
The fundamental theory of strong interactions, Quantum Chromodynamics (QCD), possesses an exact SU(3)c
local gauge symmetry (the color symmetry) and an approximate global U(Nf )R×U(Nf)L symmetry for Nf massless
quark flavours (the chiral symmetry). For sufficiently low temperature and density quarks and gluons are confined
into colorless hadrons (i.e., SU(3)c invariant configurations). Thus, it is the chiral symmetry which predominantly
determines hadronic interactions in the low-energy region.
Effective field theories which contain hadrons as degrees of freedom rather than quarks and gluons have been
developed along two lines which differ in the way in which chiral symmetry is realized: linear [1] and non-linear
[2]. In the non-linear realization, the so-called non-linear sigma model, the scalar states are integrated out, leaving
the pseudoscalar states as the only degrees of the freedom. On the other hand, in the linear representation of the
symmetry, the so-called linear sigma model, both the scalar and pseudoscalar degrees of freedom are present.
In this work, we consider the linear representation of chiral symmetry. An exactly linearly realized chiral symmetry
implies that the QCD eigenstates come in degenerate pairs, the so-called chiral partners. Chiral partners have the
same quantum numbers with the exception of parity and G-parity – for example, the scalar states sigma and pion
and the vector states ρ and a1, respectively, are chiral partners. Experimental data in vacuum and at sufficiently
low temperatures and densities of matter, however, show that the mass degeneracy is lifted, because the chiral
U(Nf )R × U(Nf )L ≡ U(1)V × U(1)A × SU(Nf )V × SU(Nf)A symmetry is broken in two ways: explicitly and
spontaneously.
Due to the U(1)A anomaly [3], the U(Nf )R×U(Nf)L symmetry is broken explicitly by quantum effects to U(1)V ×
SU(Nf)V × SU(Nf )A. In the case of small but nonzero degenerate quark masses, the latter is explicitly broken to
U(Nf )V . If the quark masses are not degenerate, the U(Nf )V symmetry is furthermore explicitly broken to U(1)V ,
corresponding to baryon number conservation. QCD also possesses discrete symmetries such as the charge conjugation
(C ), parity (P) and time reversal (T ) symmetry (CPT ), which are to a very good precision separately conserved by
strong interactions. This fact offers further constraints in the construction of effective models of QCD. [A review of
a possible, although small, CP violation in strong interactions may be found e.g. in Ref. [4].]
In addition to the explicit breaking of axial symmetry SU(Nf )A due to nonzero quark masses, the latter symmetry
is also spontaneously broken in vacuum by the non-vanishing expectation value of the quark condensate: 〈q¯q〉 =
〈q¯RqL+ q¯LqR〉 6= 0 [5]. This symmetry breaking mechanism leads to the emergence of N2f − 1 pseudoscalar Goldstone
bosons, as well as of massive scalar states representing the chiral partners of the Goldstone bosons. For Nf = 2, the
2three lightest mesonic states, the pions, are identified with these Goldstone bosons of QCD. Their non-vanishing mass
arises due to the explicit breaking of the chiral symmetry, rendering them pseudo-Goldstone bosons.
In this paper we study an Nf = 2 linear sigma model which contains scalar (σ, ~a0) and pseudoscalar (η, ~π), and in
addition also vector (ω, ~ρ) and axial-vector (f1, ~a1) degrees of freedom. Usually, such models are constructed under
the requirement of local chiral invariance U(Nf )R×U(Nf)L, with the exception of the vector meson mass term which
renders the local symmetry a global one [6, 7]. In a slight abuse of terminology, we will refer to these models as locally
chirally invariant models in the following. A study of the QCD phase transition and its critical temperature Tc within
such a model can be found e.g. in Ref. [8].
However, as shown in Refs. [6, 7, 9–11], the locally invariant linear sigma model fails to simultaneously describe
meson decay widths and pion-pion scattering lengths in vacuum. As outlined in Ref. [10], there are at least two ways
to solve this issue. One way is to utilize a model in which the (up to the vector meson mass term) local invariance
of the theory is retained while higher-order terms are added to the Lagrangian [6, 7, 9]. The second way which is
pursued here is the following: we construct a linear sigma model with global chiral invariance containing all terms up
to naive scaling dimension four [12]. The global invariance allows for additional terms to appear in our Lagrangian
in comparison to the locally invariant case presented e.g. in Ref. [8]. We remark that, introducing a dilaton field, one
can argue [13, 14] that chirally invariant terms of higher order than scaling dimension four should be absent.
In Ref. [11], we have presented a first study of meson decays and pion-pion scattering lengths in vacuum in the
framework of the globally invariant linear sigma model. We have distinguished two different assignments for the
scalar fields σ = 1√
2
(u¯u + d¯d) and a00 =
1√
2
(u¯u − d¯d): (i) they may be identified with f0(600) and a0(980) which
are members of a nonet that in addition consists of f0(980) and κ(800); (ii) they may be identified with f0(1370)
and a0(1450) which are members of a decuplet that in addition consists of f0(1500), f0(1710), and K0(1430), where
the additional scalar-isoscalar state emerges from the admixture of a glueball field [15]. In the following, we will
refer to assignment (i) as Scenario I, and to assignment (ii) as Scenario II. In the latter, scalar mesons below 1
GeV are not (predominantly) quark-antiquark states. Their spectroscopic wave functions might contain a dominant
tetraquark or mesonic molecular contribution [16]. The correct assignment of the scalar quark-antiquark fields of the
model to physical resonances is not only important as a contribution to the ongoing debate about the nature of these
resonances, but it is also vital for a study of the properties of hadrons at nonzero temperature and density, where the
chiral partner of the pion plays a crucial role [17].
It is important to stress that the theoretical σ and a0 fields entering the linear sigma model describe pure quark-
antiquark states, just as all the other fields (η, ~π, ω, ~ρ, f1, ~a1). This property can be easily proven by using
well-known large-Nc results [18]: the mass and the decay widths of both σ and a0 fields scale in the model as N
0
c and
N−1c , respectively.
In this paper we first investigate the consequences of Scenario I on various decay widths and pion-pion scattering
lengths. This assignment is disfavored because a consistent description of all experimental data cannot be achieved.
To reach this conclusion, vector and axial-vector degrees of freedoms play an important role. On the one hand their
decays (such as ρ → ππ and a1 → πγ) and the role of the ρ meson in ππ scattering provide strong constraints, on
the other hand they affect, indirectly but sizably, some decay channels, such as σ → ππ. We then present a study of
Scenario II. Although the latter is not yet conclusive because additional scalar fields (glueball, tetraquark) are not yet
taken into account, our preliminary results for the decay widths (albeit not for the scattering length a00) are consistent
with the data.
The paper is organized as follows: in Sec. II we present the Lagrangian of our model and discuss the parameters
which are known to very good precision and thus do not enter the fit of the decay widths and the scattering lengths.
In Sec. III we present the formulas for the decay widths and the pion-pion scattering lengths which will be used to
fit the remaining parameters and to compare the results to experimental data. This fit and comparison are discussed
in Sec. IV, both for Scenario I and Scenario II. In Sec. V we summarize our results in the conclusions and give an
outlook to future work. In the Appendix, we show the explicit form of our Lagrangian in terms of the meson fields.
3II. THE LINEAR SIGMA MODEL WITH GLOBAL CHIRAL SYMMETRY
A. The Lagrangian
The Lagrangian of the globally invariant linear sigma model with U(2)R × U(2)L symmetry for Nf = 2 reads
[6, 7, 11, 19]:
L = Tr[(DµΦ)†(DµΦ)]−m20Tr(Φ†Φ)− λ1[Tr(Φ†Φ)]2 − λ2Tr(Φ†Φ)2
− 1
4
Tr[(Lµν)2 + (Rµν)2] +
m21
2
Tr[(Lµ)2 + (Rµ)2] + Tr[H(Φ + Φ†)]
+ c(detΦ + detΦ†)− 2ig2(Tr{Lµν[Lµ, Lν]}+Tr{Rµν [Rµ, Rν ]})
− 2g3
[
Tr
({
∂µLν − ieAµ[t3, Lν] + ∂νLµ − ieAν [t3, Lµ]
} {Lµ, Lν})
+ Tr
({
∂µRν − ieAµ[t3, Rν ] + ∂νRµ − ieAν [t3, Rµ]
} {Rµ, Rν})]
+
h1
2
Tr(Φ†Φ)Tr[(Lµ)2 + (Rµ)2] + h2Tr[(ΦRµ)2 + (LµΦ)2] + 2h3Tr(ΦRµΦ†Lµ).
+ g4 {Tr [LµLνLµLν ] + Tr [RµRνRµRν ]}+ g5 {Tr [LµLµLνLν] + Tr [RµRµRνRν ]}
+ g6Tr [R
µRµ] Tr [L
νLν ] + g7 {Tr[LµLµ] Tr[LνLν ] + Tr[RµRµ] Tr[RνRν ]} . (1)
Note that the locally chirally invariant linear sigma model emerges from the globally invariant Lagrangian (1) by
setting h1 = h2 = h3 = g3 = 0, g2 = g4 = g5 = g6 = g7 ≡ g.
In Eq. (1),
Φ = (σ + iηN) t
0 + (~a0 + i~π) · ~t (2)
contains scalar and pseudoscalar mesons, where t0, ~t are the generators of U(2) in the fundamental representation and
ηN denotes the non-strange content of the η meson. Vector and axial-vector mesons are contained in the left-handed
and right-handed vector fields:
Lµ = (ωµ + fµ1 ) t
0 + (~ρµ + ~aµ1 ) · ~t , (3a)
Rµ = (ωµ − fµ1 ) t0 + (~ρµ − ~aµ1 ) · ~t , (3b)
respectively. The covariant derivative
DµΦ = ∂µΦ− ig1(LµΦ− ΦRµ)− ieAµ[t3,Φ] (4)
couples scalar and pseudoscalar degrees of freedom to vector and axial-vector ones as well as to the electromagnetic
field Aµ. Note that local chiral invariance requires g1 ≡ g. The left-handed and right-handed field strength tensors,
Lµν = ∂µLν − ieAµ[t3, Lν ]− {∂νLµ − ieAν [t3, Lµ]} , (5a)
Rµν = ∂µRν − ieAµ[t3, Rν ]− {∂νRµ − ieAν[t3, Rµ]} , (5b)
respectively, couple vector and axial-vector mesons to the electromagnetic field Aµ. Explicit breaking of the global
symmetry is described by the term Tr[H(Φ+Φ†)] ≡ h0σ (h0 = const.). The chiral anomaly is described by the term
c (detΦ + detΦ†) [3]. The model has been extended to include the nucleon field and its putative chiral partner; for
details, see Refs. [13, 20].
In the pseudoscalar and (axial-)vector sectors the identification of mesons with particles listed in Ref. [21] is
straightforward, as already indicated in Eqs. (2) and (3a)-(3b): the fields ~π and ηN correspond to the pion and the
SU(2) counterpart of the η meson, ηN ≡ (uu+ dd)/
√
2, with a mass of about 700 MeV. This value can be obtained
by ”unmixing” the physical η and η′ mesons, which also contain ss contributions. The fields ωµ and ~ρµ represent
the ω(782) and ρ(770) vector mesons, respectively, while the fields fµ1 and ~a1
µ represent the f1(1285) and a1(1260)
axial-vector mesons, respectively. (In principle, the physical ω and f1 states also contain ss contributions, however
their admixture is negligibly small.) Unfortunately, the identification of the σ and ~a0 fields is controversial, the
possibilities being the pairs {f0(600), a0(980)} and {f0(1370), a0(1450)}. As mentioned in the Introduction, we will
refer to these two assignments as Scenarios I and II, respectively. We discuss the implications of these two scenarios
in the following.
One may raise the question whether vector meson dominance (VMD) is still respected in the globally invariant
linear sigma model (1). As outlined in Ref. [22], there are two ways to realize VMD in a linear sigma model. The
4standard version of VMD was introduced by Sakurai [23] and considers vector mesons as Yang-Mills gauge fields [24].
The gauge symmetry is explicitly broken by the vector meson masses. Another realisation of VMD was first explored
by Lurie [25] whose theory contained a Lagrangian which was globally invariant. It is interesting to note that Lurie’s
Lagrangian contained direct couplings of the photon to pions and ρ mesons, as well as a ρ-π coupling. It was shown
in Ref. [22] that the two representations of VMD are equivalent if the ρ-π coupling gρpipi equals the photon-ρ coupling
gρ (the so-called ”universal limit”). It was also shown that, if the underlying theory is globally invariant, the pion
form factor at threshold Fpi(q
2 = 0) = 1 for any value of the above mentioned couplings. On the other hand, in
Sakurai’s theory Fpi(q
2 = 0) 6= 1 unless one demands gρpipi != gρ, or other parameters are adjusted in such a way
that Fpi(q
2 = 0) = 1. In other words, for any globally invariant model, and thus also for ours, one has the liberty of
choosing different values for the photon-ρ and ρ-π couplings, without violating VMD.
B. Tree-Level Masses
The Lagrangian (1) contains 16 parameters. However, the parameters gk with k = 3, ..., 7 are not relevant for the
results presented here so that the number of undetermined parameters decreases to eleven:
m0, λ1, λ2, m1, g1, g2, c, h0, h1, h2, h3 . (6)
The squared tree-level masses of the mesons in our model contain a contribution arising from spontaneous symmetry
breaking, proportional to φ2. The value φ is the vacuum expectation value of the σ field and coincides with the
minimum of the potential that follows from Eq. (1). The σ field is the only field with the quantum numbers of the
vacuum, JPC = 0++, i.e., the condensation of which does not lead to the breaking of parity, charge conjugation, and
Lorentz invariance. The potential for the σ field reads explicitly
V (σ) =
1
2
(m20 − c)σ2 +
1
4
(
λ1 +
λ2
2
)
σ4 − h0σ , (7)
and its minimum is determined by
0 =
(
dV
dσ
)
σ=φ
=
[
m20 − c+
(
λ1 +
λ2
2
)
φ2
]
φ− h0 . (8)
Spontaneous symmetry breaking corresponds to the case when the potential V (φ) assumes its minimum for a nonva-
nishing value σ = φ 6= 0. In order to determine the fluctuation of the σ field around the new vacuum, one shifts it
by its vacuum expectation value φ 6= 0, σ → σ + φ. The shift leads also to ηN -f1 and ~π-~a1 mixing terms and thus to
non-diagonal elements in the scattering matrix. These terms are removed from the Lagrangian by shifting the f1 and
~a1 fields as follows:
fµ1 → fµ1 + Zw∂µηN , ~aµ1 → ~aµ1 + Zw∂µ~π , ηN → ZηN , ~π → Z~π , (9)
where we defined the quantities
w :=
g1φ
m2a1
, Z :=
(
1− g
2
1φ
2
m2a1
)−1/2
. (10)
Note that the field renormalisation of ηN and ~π guarantees the canonical normalization of the kinetic terms. This
is necessary in order to interpret the Fourier components of the properly normalized one-meson states as creation or
annihilation operators [6]. Note also that the ρ and ω masses as well as the f1 and a1 masses are degenerate in the
globally as well as in the locally invariant model. Once the shift σ → σ + φ and the transformations (9) have been
5performed, the mass terms of the mesons in the Lagrangian (1) read:
m2σ = m
2
0 − c+ 3
(
λ1 +
λ2
2
)
φ2 , (11)
m2ηN = Z
2
[
m20 + c+
(
λ1 +
λ2
2
)
φ2
]
= m2pi + 2cZ
2 , (12)
m2a0 = m
2
0 + c+
(
λ1 + 3
λ2
2
)
φ2 , (13)
m2pi = Z
2
[
m20 − c+
(
λ1 +
λ2
2
)
φ2
]
(8)
=
Z2h0
φ
, (14)
m2ω = m
2
ρ = m
2
1 +
φ2
2
(h1 + h2 + h3) , (15)
m2f1 = m
2
a1 = m
2
1 + g
2
1φ
2 +
φ2
2
(h1 + h2 − h3) . (16)
In Appendix A we show the Lagrangian in the form when all shifts have been explicitly performed. From Eqs. (15)
and (16) we obtain:
m2a1 = m
2
ρ + g
2
1φ
2 − h3φ2 . (17)
The pion decay constant, fpi is determined from the axial current,
JaAµ =
φ
Z
∂µπ
a + . . . ≡ fpi∂µπa + . . . → φ = Zfpi . (18)
The large-Nc dependence of the parameters is given by
g1, g2 ∝ N−1/2c ,
λ2, h2, h3, c ∝ N−1c ,
λ1, h1 ∝ N−2c ,
m20, m
2
1 ∝ N0c ,
h0 ∝ N1/2c . (19)
We remind the reader that a vertex of n quark-antiquarkmesons scales asN
−(n−2)/2
c . As a consequence, the parameters
g1, g2 scale as N
−1/2
c , because they are associated with a three-point vertex of quark-antiquark vector fields (of the
kind ρ3). Similarly, the parameters λ2, h2, h3 scale as N
−1
c , because they are associated with quartic terms such as
π4 and π2ρ2. The parameter c is suppressed by a factor Nc although it enters quadratic mass-like terms. This is due
to the fact that the axial anomaly is suppressed in the large-Nc limit. As is evident from Eq. (12), the ηN meson
would also be a Goldstone boson for Nc → ∞. The parameters λ1, h1 also describe quartic interactions, but are
further suppressed by a factor 1/Nc because of the trace structure of the corresponding terms in the Lagrangian. The
quantities m20, m
2
1 are mass terms and therefore scale as N
0
c . Then the pion decay constant fpi scales as N
1/2
c . The
quantity h0 scales as N
1/2
c in order that mpi scales as N
0
c as expected. Note that without any assumptions about the
σ, a0, and f1, a1 fields, we immediately obtain that their masses scale as N
0
c and their decay widths as N
−1
c , as we
shall see in the following section. Therefore, they must also correspond to quark-antiquark degrees of freedom.
There are, however, also approaches to the phenomenology of low-lying axial-vector mesons, such as the one in Ref.
[26], where the Bethe-Salpeter equation is used to unitarize the scattering of vector and pseudoscalar mesons. Here,
the Bethe-Salpeter kernel is given by the lowest-order effective Lagrangian. This leads to the dynamical generation
of resonances, one of which has a pole mass of 1011 MeV and is consequently assigned to the a1(1260) meson. This
unitarized approach is used in Ref. [27] to study the large-Nc behaviour of the dynamically generated resonances,
with the conclusion that the a1(1260) resonance is not a genuine quark-antiquark state.
However, it was shown in Ref. [14] that, while unitarizing the chiral Lagrangian by means of a Bethe-Salpeter study
allows one to find poles in the complex plane and identify them with physical resonances, it does not necessarily allow
one to make a conclusion about the structure of those resonances in the large-Nc limit. In order to be able to draw
correct conclusions, a Bethe-Salpeter study requires at least one additional term of higher order not included in the
Lagrangian of Refs. [26, 27]. Alternatively, the Inverse Amplitude Method of Refs. [28] can be used.
6A very similar approach to the one in Refs. [26, 27] was also used in Ref. [29] where a very good fit to the τ decay
data from the ALEPH collaboration [30] was obtained by fine-tuning the subtraction point of a loop diagram. Note,
however, that detuning the subtraction point by 5% will spoil the agreement with experimental data. Alternately,
these data may be described by approaches with the a1(1260) meson as an explicit degree of freedom, such as the
one in Ref. [12], where a1(1260) is a quark-antiquark state and where the experimental a1(1260) spectral function
is fitted very well. In Ref. [12], ma1(1260) ≃ 1150 MeV and a full width Γa1(1260) ≃ 410 MeV are obtained. Note
that our results, as will be shown later, give very good results on the a1(1260) phenomenology, for example in the
a1(1260)→ πγ and a1(1260)→ ρπ decay channels, see Sec. IV.A.3.
For the following discussion, it is interesting to note that the ρ meson mass,
m2ρ = m
2
1 +
φ2
2
(h1 + h2 + h3) ,
can be split into two contributions: the term m21 which does not depend on the chiral condensate, and the term
φ2
2 (h1+h2+h3) which depends quadratically on the condensate and vanishes in the chirally restored phase. We shall
require that none of the two contributions be negative: in fact, a negative m21 would imply that the system is unstable
when φ → 0; a negative φ22 (h1 + h2 + h3) would imply that spontaneous chiral symmetry breaking decreases the ρ
mass. This is clearly unnatural because the breaking of chiral symmetry generates a sizable effective mass for the light
quarks, which is expected to positively contribute to the meson masses. This positive contribution is a feature of all
known models (such as the Nambu–Jona-Lasinio model and constituent quark approaches). Indeed, in an important
class of hadronic models (see Ref. [31] and refs. therein) the only and obviously positive contribution to the ρ mass is
proportional to φ2 (i.e., m1 = 0).
C. Equivalent set of parameters
Instead of the eleven parameters in Eq. (6), it is technically simpler to use the following, equivalent set of eleven
parameters in the expressions for the physical quantities:
mpi, mσ, ma0 , mηN , mρ, ma1 , Z, φ, g2, h1, h2. (20)
The quantities mpi, mρ, ma1 are taken as the mean values for the masses of the π, ρ, and a1 meson, respectively, as
given by the PDG [21]: mpi = 139.57 MeV, mρ = 775.49 MeV, and ma1 = 1230 MeV. While mpi and mρ are measured
to very good precision, this is not the case for ma1 . The mass value given above is referred to as an ”educated guess”
by the PDG [21]. Therefore, we shall also consider a smaller value, as suggested e.g. by the results of Ref. [12]. We
shall see that, although the overall picture remains qualitatively unchanged, the description of the decay width of a1
into ρπ can be substantially improved.
As outlined in Ref. [11], the mass of the ηN meson can be calculated using the mixing of strange and non-strange
contributions in the physical fields η and η′(958):
η = ηN cosϕ+ ηS sinϕ, η
′ = −ηN sinϕ+ ηS cosϕ, (21)
where ηS denotes a pure s¯s state and ϕ ≃ −36◦ [32]. In this way, we obtain the value mηN = 716 MeV. Given the
well-known uncertainty of the value of ϕ, one could also consider other values, e.g., ϕ = −41.4◦, as published by the
KLOE Collaboration [33]. In this case, mηN = 755 MeV. The variation of the ηN mass does not change the results
significantly.
The quantities φ and Z are linked to the pion decay constant as φ/Z = fpi = 92.4 MeV. Therefore, the following
six quantities remain as free parameters:
mσ, ma0 , Z, g2, h1, h2. (22)
The masses mσ and ma0 depend on the scenario adopted for the scalar mesons.
At the end of this subsection we report three useful formulas which link the parameters g1, h3, and m1 of the
original set (6) to the second set of parameters (20) [see also Eq. (10)]:
g1 = g1(Z) =
ma1
Zfpi
√
1− 1
Z2
, (23)
h3 = h3(Z) =
m2a1
Z2f2pi
(
m2ρ
m2a1
− 1
Z2
)
, (24)
m21 = m
2
1(Z, h1, h2) =
1
2
[
m2ρ +m
2
a1 − Z2f2pi
(
g21 + h1 + h2
)]
. (25)
7III. DECAY WIDTHS AND pipi SCATTERING LENGTHS
In this section, we quote the formulas for the decay widths and the ππ scattering lengths and specify their dependence
on the parameters mσ, ma0 , Z, g2, h1, and h2. Using the scaling behavior (19) we obtain that all strong decays and
scattering lengths scale as N−1c , as expected.
For future use we introduce the momentum function
k(ma,mb,mc) =
1
2ma
√
m4a − 2m2a (m2b +m2c) + (m2b −m2c)2 θ(ma −mb −mc). (26)
In the decay process a → b + c, with masses ma, mb, mc, respectively, the quantity k(ma,mb,mc) represents the
modulus of the three-momentum of the outgoing particles b and c in the rest frame of the decaying particle a. The
theta function ensures that the decay width vanishes below threshold.
A. The ρ → pipi decay width
The decay width for ρ→ ππ reads
Γρ→pipi(Z, g2) =
m5ρ
48πm4a1
[
1−
(
2mpi
mρ
)2]3/2 [
g1Z
2 +
(
1− Z2) g2
2
]2
. (27)
The experimental value is Γ
(exp)
ρ→pipi = (149.1± 0.8) MeV [21]. The small experimental error can be neglected and the
central value is used as a further constraint allowing us to fix the parameter g2 as function of Z:
g2 = g2(Z) =
2
Z2 − 1

g1Z2 ± 4m2a1
mρ
√
3πΓ
(exp)
ρ→pipi
(m2ρ − 4m2pi)3/2

 . (28)
Note that all input values in Eq. (28) are experimentally known [21]. The parameter g1 = g1(Z) is fixed via Eq. (23).
As apparent from Eq. (28), two solutions for g2 are obtained. The solution with the positive sign in front of the
square root may be neglected because it leads to unphysically large values for the a1 → ρπ decay width, which is
another quantity predicted by our study that also depends on g2 [see Eq. (39)]. For example, the value Z = 1.6
(see below) would lead to g2 ∼= 40 which in turn would give Γa1→ρpi ∼= 14 GeV – clearly an unphysically large value.
Therefore, we will take the solution for g2 with the negative sign in front of the square root. In this case, reasonable
values for both g2 (see Table I) and Γa1→ρpi (see Sec. IV.A.3) are obtained.
B. The f1 → a0pi decay width
The decay width f1 → a0π reads
Γf1→a0pi(ma0 , Z, h2) =
g21Z
2
2π
k3(mf1 ,ma0 ,mpi)
m2f1m
4
a1
[
m2ρ −
1
2
(h2 + h3)φ
2
]2
. (29)
There is a subtle point to comment on here. When the quark-antiquark a0 state of our model is identified as the
a0(980) meson of the PDG compilation (Scenario I), then this decay width can be used to fix the parameter h2 as
function of Z, h2 ≡ h2(Z), by using the corresponding experimental value Γ(exp)f1→a0pi = (8.748± 2.097) MeV [21].
h2 = h2(Z) =
2
φ2

m2ρ − h32 φ2 ± mf1m
2
a0
g1Z
√√√√ 2πΓ(exp)f1→a0pi
k3(mf1 ,ma0 ,mpi)

 . (30)
Again, there are two solutions, just as in the case of the parameter g2. How strongly the somewhat uncertain
experimental value of Γf1→a0pi influences the possible values of h2, depends on the choice of the sign in front of the
square root in Eq. (30). Varying Γf1→a0pi within its experimental range of uncertainty changes the value of h2 by an
average of 25% if the negative sign is chosen, but the same variation of Γf1→a0pi changes h2 by an average of only 6%
8if the positive sign is considered. This is due to the fact that the solution with the positive square root sign yields
larger values of h2 ∼ 80, while the solution with the negative sign leads to h2 ∼ 20. The absolute change of h2 is
the same in both cases. Our calculations have shown that using the negative sign in front of the square root yields
a too small value of the η-η′ mixing angle ϕ ∼= −9◦. This follows by inserting h2 into Eq. (32) so that it is removed
as a degree of freedom (i.e., replaced by Z) and calculating the mixing angle ϕ from Eq. (31) using the experimental
value of the a0 → ηπ decay amplitude from Ref. [34]. For this reason, we only use the positive sign in front of the
square root in Eq. (30), i.e., the constraint leading to higher values of h2. Then ϕ ∼= −41.8◦ is obtained, in very good
agreement with the central value quoted by the KLOE collaboration [33], ϕ ∼= −41.4◦ (see also Section IV.A.1).
It may be interesting to note that only the (disregarded) lower value of h2 leads to the expected behaviour of the
parameter h1 which [according to Eq. (19)] should be large-Nc suppressed: the lower value of h2 yields h1 = 1.8
whereas the higher value of h2 yields h1 = −68 (see Table I).
Note that if the quark-antiquark a0 meson of our model is identified as the a0(1450) meson of the PDG compilation
(Scenario II) then the described procedure of replacing h2 by Z using Eq. (30) is no longer applicable because the
decay f1 → a0π is kinematically not allowed and its counterpart a0 → f1π has not been measured.
C. The a0 → ηpi and a0 → η
′pi decay amplitudes
Our Nf = 2 Lagrangian contains the unphysical field ηN . However, by making use of Eq. (21) and invoking the
OZI rule, it is possible to calculate the decay amplitude for the physical process a0 → ηπ as
Aa0ηpi = cosϕ Aa0ηNpi. (31)
From Eq. (1) the formula for the decay amplitude containing the non-strange ηN field is
Aa0ηNpi(ma0,Z, h2) =
1
Zfpi
{
m2ηN −m2a0 +
(
1− 1
Z2
)[
1− 1
2
Z2φ2
m2a1
(h2 − h3)
]
(m2a0 −m2pi −m2η)
}
. (32)
Note that Eq. (32) contains the unmixed massmηN which enters when expressing the coupling constants in terms of
the parameters (20), as well as the physical mass mη = 547.8 MeV. The latter arises because the derivative couplings
in the Lagrangian lead to the appearance of scalar invariants formed from the four-momenta of the particles emerging
from the decay, which can be expressed in terms of the physical (invariant) masses.
The decay width Γa0→ηpi follows from Eq. (31) by including a phase space factor:
Γa0→ηpi(ma0 , Z, h2) =
k(ma0 ,mη,mpi)
8πm2a0
[Aa0ηpi(ma0 , Z, h2)]
2 . (33)
In the case of Scenario I, in which a0 ≡ a0(980), we shall compare the decay amplitude Aa0ηpi, Eq. (31), with
the corresponding experimental value deduced from Crystal Barrel data: A
(exp)
a0ηpi = (3330 ± 150) MeV [34]. This is
preferable to the use of the decay width quoted by the PDG [21] for a0(980), which refers to the mean peak width,
an unreliable quantity due to the closeness of the kaon-kaon threshold.
In the case of Scenario II, in which a0 ≡ a0(1450), it is also possible to calculate the decay width a0(1450)→ η′π,
using the OZI rule. The amplitude Aa0η′pi(ma0 , Z, h2) is obtained following the same steps as in the previous case,
Eq. (32):
Aa0η′pi(ma0 , Z, h2) = −
sinϕ
Zfpi
{
m2ηN −m2a0 +
(
1− 1
Z2
)[
1− 1
2
Z2φ2
m2a1
(h2 − h3)
]
(m2a0 −m2pi −m2η′)
}
, (34)
where the difference compared to Eqs. (31) and (32) is the prefactor − sinϕ and the physical η′ mass mη′ = 958 MeV.
The corresponding decay width reads:
Γa0(1450)→η′pi(ma0 , Z, h2) =
k(ma0 ,mη′ ,mpi)
8πm2a0
[Aa0η′pi(ma0 , Z, h2)]
2
. (35)
D. The a1 → piγ decay width
We obtain the following formula for the a1 → πγ decay width:
Γa1→piγ(Z) =
e2
96π
(Z2 − 1)ma1
[
1−
(
mpi
ma1
)2]3
. (36)
9Note that the a1 → πγ decay width depends only on the renormalisation constant Z. Using Γ(exp)a1→piγ = (0.640± 0.246)
MeV [21], one obtains Z = 1.67± 0.2. Unfortunately, the experimental error for the quantity Γa1→piγ is large. Given
that almost all quantities of interest depend very strongly on Z, a better experimental knowledge of this decay would
be useful to constrain Z. In the study of Scenario I this decay width will be part of a χ2 analysis, but still represents
the main constraint for Z.
E. The σ → pipi decay width
We obtain the following formula:
Γσ→pipi(mσ, Z, h1, h2) =
3
32πmσ
√
1−
(
2mpi
mσ
)2{
m2σ −m2pi
Zfpi
− g
2
1Z
3fpi
m4a1
[
m2ρ −
φ2
2
(h1 + h2 + h3)
]
(m2σ − 2m2pi)
}2
.
(37)
It is apparent from Eqs. (19) that the sigma decay width decreases as the number of colours Nc increases. Thus, the
sigma field in our model is a q¯q state [28]. In Scenario I we have assigned the σ field as f0(600), correspondingly we
are working with the assumption that f0(600) [as well as a0(980)] is a q¯q state. In Scenario II, the same assumption
is valid for the f0(1370) and a0(1450) states.
Note that in Eq. (37) the first term in braces arises from the scalar σππ vertex, while the second term comes from
the coupling of the σ to the a1, which becomes a derivatively coupled pion after the shift (9). Because of the different
signs, these two terms interfere destructively. As the decay width of a light σ meson into two pions can be very well
reproduced in the linear sigma model without vector mesons (corresponding to the case g1 → 0), this interference
prevents obtaining a reasonable value for this decay width in the present model with vector mesons, see Sec. IV.A.2.
This problem does not occur for a heavy σ meson, see Sec. IV.B.3 and Ref. [35].
F. The a1 → σpi decay width
The formula for the decay width reads
Γa1→σpi(mσ, Z, h1, h2) =
k3(ma1 ,mσ,mpi)
6πm6a1
g21Z
2
[
m2ρ −
φ2
2
(h1 + h2 + h3)
]2
. (38)
G. The a1 → ρpi decay width
Let P be the four-momentum of the a1 meson, K1 the four-momentum of the ρ meson and K2 the four-momentum
of the pion. Then the following formula for the a1 → ρπ decay width is obtained:
Γa1→ρpi(Z) =
k(ma1 ,mρ,mpi)
12πm2a1
[
(hµν)
2 − (hµνK
ν
1 )
2
m2ρ
− (hµνP
µ)2
m2a1
+
(hµνP
µKν1 )
2
m2ρm
2
a1
]
, (39)
where hµν is the vertex following from the relevant part of the Lagrangian (1) that reads
hµν = Z
2fpi
{
(g21 − h3) gµν +
g1g2
m2a1
[K1µK2ν +K2µPν −K2 · (K1 + P )gµν ]
}
and
K1 ·K2 =
m2a1 −m2ρ −m2pi
2
,
P ·K2 = ma1Epi ≡ ma1
√
k2 +m2pi .
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Thus, we have
h2µν = Z
4f2pi
{
4(g21 − h3)2 +
g21g
2
2
m4a1
[
m4a1 +m
4
pi +m
4
ρ +m
2
pim
2
ρ +m
2
a1(m
2
pi − 2m2ρ) + 3(m2a1 −m2ρ −m2pi)ma1Epi
]
− 3 g1g2(g
2
1 − h3)
m2a1
(
m2a1 −m2ρ −m2pi + 2ma1Epi
)}
,
(hµνK
ν
1 )
2 = Z4f2pi
{
(g21 − h3)2m2ρ +
g21g
2
2
4m4a1
[(m2pi −m2ρ)2(m2pi +m2ρ − 2m2a1) + (m2pi +m2ρ)m4a1
−4(m2a1 −m2ρ −m2pi)m2a1EρEpi ] +
g1g2(g
2
1 − h3)
m2a1
[
(m2a1 −m2pi)ma1Eρ − 2ma1m2ρ
(
Epi +
Eρ
2
)]}
,
(hµνP
µ)2 = Z4f2pi
{
(g21 − h3)2m2a1 +
g21g
2
2
4m4a1
[(m2a1 −m2pi)2(m2a1 +m2pi − 2m2ρ) + (m2pi +m2a1)m4ρ
−4(m2a1 −m2ρ −m2pi)m2a1EρEpi ] +
g1g2(g
2
1 − h3)
m2a1
[2m2a1EρEpi − (m2a1 −m2ρ −m2pi)m2a1 ]
}
,
(hµνP
µKν1 )
2 = (g21 − h3)2Z4f2pim2a1E2ρ .
H. The tree-level scattering lengths
The partial wave decomposition [36] leads to the following formula for the s-wave I = 0 pion-pion scattering length
a00 (in units of m
−1
pi ):
a00(Z,mσ, h1) =
1
4π
(
2g21Z
4 m
2
pi
m4a1
{
m2ρ +
φ2
16
[12g21 − 2(h1 + h2)− 14h3]
}
− 5
8
Z2m2σ −m2pi
f2pi
− 3
2
{
g21Z
2φ
m2pi
m4a1
[
2m2a1 +m
2
ρ −
φ2
2
(h1 + h2 + h3)
]
− Z
2m2σ −m2pi
2φ
}2
1
4m2pi −m2σ
+
{
g21Z
2φ
m2pi
m4a1
[
m2ρ −
φ2
2
(h1 + h2 + h3)
]
+
Z2m2σ −m2pi
2φ
}2
1
m2σ
)
. (40)
We use the value a
0 (exp)
0 = 0.218± 0.020 in accordance with the 2003 and 2004 data from the NA48/2 collaboration
[37].
An analogous calculation leads to the s-wave I = 2 pion-pion scattering length a20:
a20(Z,mσ, h1) = −
1
4π
(
Z2m2σ −m2pi
4f2pi
+ g21Z
4 m
2
pi
m4a1
[
m2ρ −
φ2
2
(h1 + h2 + h3)
]
−
{
g21Z
2φ
m2pi
m4a1
[
m2ρ −
φ2
2
(h1 + h2 + h3)
]
+
Z2m2σ −m2pi
2φ
}2
1
m2σ
)
. (41)
The experimental result for a20 from the NA48/2 collaboration is a
2 (exp)
0 = −0.0457± 0.0125 [37]. Note that the ππ
scattering lengths were also studied away from threshold in Ref. [38], in a model quite similar to ours.
IV. STUDY OF DIFFERENT SCENARIOS FOR THE STRUCTURE OF SCALAR MESONS
In this section we discuss two different interpretations of the scalar mesons. The following subsection describes
the results obtained when f0(600) and a0(980) are interpreted as scalar quarkonia (Scenario I). Then we discuss the
results obtained when f0(1370) and a0(1450) are interpreted as scalar quarkonia (Scenario II).
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A. Scenario I: Light Scalar Quarkonia
1. Fit procedure
As a first step we utilize the central value of the experimental result Γ
(exp)
ρ→pipi = 149.1 MeV [21] in order to express
the parameter g2 as a function of Z via Eq. (28). Moreover, we fix the mass ma0 = 0.98 GeV [21] and we also use the
central value Γf1→a0pi(Z, h2) = 8.748 MeV to express h2 as a function of Z. The results are practically unaffected by
the 6% uncertainty in h2 originating from the uncertainty in Γf1→a0pi, see Eq. (30).
As a result, the set of free parameters in Eq. (22) is further reduced to three parameters:
Z, mσ, h1 . (42)
Note that in this scenario the field σ is identified with the resonance f0(600), but the experimental uncertainty on its
mass is so large that it does not allow us to fix mσ. We therefore keep mσ as a free parameter.
We now determine the parameters Z, h1, and mσ using known data on the a1 → πγ decay width (36) and on the ππ
scattering lengths a00 and a
2
0 reported in Eqs. (40) and (41). This is a system of three equations with three variables
and can be solved uniquely. We make use of the χ2 method in order to determine not only the central values for our
parameters but also their error intervals:
χ2(Z,mσ, h1) =
(
Γa1→piγ(Z)− Γ(exp)a1→piγ
△Γ(exp)decay
)2
+
∑
i∈{0,2}
(
ai0(Z,mσ, h1)− ai (exp)0
△ai (exp)0
)2
. (43)
The errors for the model parameters are calculated as the square roots of the diagonal elements of the inverted Hessian
matrix obtained from χ2(Z,mσ, h1). The minimal value is obtained for χ
2 = 0, as expected given that the parameters
are determined from a uniquely solvable system of equations. The values of the parameters are as follows:
Z = 1.67± 0.2 , mσ = (332± 456) MeV , h1 = −68± 338 . (44)
Clearly, the error intervals for mσ and h1 are very large. Fortunately, it is possible to constrain the h1 error
interval as follows. As described at the end of Sec. II.B, the ρ mass squared contains two contributions – the bare
mass term m21 and the quark condensate contribution (∼ φ2). The contribution of the quark condensate is special
for the globally invariant sigma model; in the locally invariant model mρ is always equal to m1 [8]. Each of these
contributions should have at most the value of 775.49 MeV (= mρ) because otherwise either the bare mass or the
quark condensate contribution to the rho mass would be negative, which appears to be unphysical. A plot of the
function m1 = m1(Z, h1, h2(Z)), see Eq. (25), for the central values of Z = 1.67 and Γ
(exp)
f1→a0pi = 8.748 MeV is shown
in Fig. 1.
Note that varying the value of Γ
(exp)
f1→a0pi within its experimental boundaries would only very slightly change h1
by ±4 and this parameter is thus unaffected by the experimental error for Γ(exp)f1→a0pi. If the value of m1 was known
exactly, then Eq. (25) would allow us to constrain h1 via Z. However, given that at this point we can only state that
0 ≤ m1 ≤ mρ, for each Z one may consider all values of h1 between two boundaries, one obtained from the condition
m1(Z, h1, h2(Z)) ≡ 0 and another obtained from the condition m1(Z, h1, h2(Z)) ≡ mρ. For example, using the central
value of Z = 1.67, we obtain −83 ≤ h1 ≤ −32. The lower boundary follows from m1 ≡ mρ and the upper boundary
from m1 ≡ 0, see Fig. 1. Note that the central value h1 = −68 from Eq. (44) corresponds to m1 = 652 MeV. If the
minimal value of Z = 1.47 is used, then h1 = −112 is obtained from m1 ≡ mρ and h1 = −46 from m1 ≡ 0. Thus,
−112 ≤ h1 ≤ −46 for Z = 1.47. Analogously, −64 ≤ h1 ≤ −24 is obtained for the maximal value Z = 1.87.
Clearly, each lower boundary for h1 is equivalent to m1 ≡ mρ and each upper boundary for h1 is equivalent to
m1 ≡ 0. Thus, in the following we will only state the values of Z and m1; h1 can always be calculated using Eq. (25).
In this way, the dependence of our results on m1 and thus on the origin of the ρ mass will be exhibited.
The value of mσ can be constrained in a way similar to h1 using the scattering length a
0
0; the scattering length a
2
0
possesses a rather large error interval making it unsuitable to constrain mσ. Figure 2 shows the different values for
a00 and a
2
0 depending on the choice of Z and m1.
It is obvious that the value of a00 is only consistent with the NA48/2 value [37], if mσ is in the interval [288, 477]
MeV, i.e., mσ = 332
+145
−44 MeV. This value for mσ follows if the parameters Z and m1 are varied within the allowed
boundaries. If we only consider the a00 curve that is obtained for the central values of Z and m1, a much more
constrained value of mσ = 332
+24
−13 MeV follows from Fig. 2. We will be working with the broader interval of mσ.
Even then, constraining m1 to the interval [0,mρ], the error bars for mσ are reduced by at least a factor of three in
comparison to the result (44) following from the χ2 calculation.
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FIG. 1: m1 as function of h1, constrained at the central value of Z = 1.67. The black dot marks the position of
central values h1 = −68 and m1 = 652 MeV.
FIG. 2: Scattering lengths a00 and a
2
0 as function of mσ [the shaded band corresponds to the NA48/2 value of a
0
0; no
error interval is shown for a20 due to the large interval size [37]].
We summarize our results for the parameters Z and mσ:
Z = 1.67± 0.2 , mσ = 332+145−44 MeV .
The central values of all parameters of the original set (6) are given in Table I. They follow from the χ2 fit (mσ, h1),
via decay width constraints (h2, g2), and from Eqs. (11) – (16) and (23) – (24). The central values of Z, mσ, and h1,
Eq. (44), have been used to calculate all other parameters. We neglect the errors, apart from those of m1, which in
this scenario vary in a large range.
Parameter mσ h1 h2 h3 g1 g2 m0 m1 λ1 λ2 c h0
Value 332 MeV -68 80 2.4 6.4 3.1 210 MeV 652+123
−652 MeV -14 33 88744 MeV
2 1 · 106 MeV3
TABLE I: Central values of parameters for Scenario I.
Note that the values of a20 depend strongly on the choice of the parameters Z and m1. Whereas for the central
values of Z and m1 this scattering length is constant and has the value a
2
0 = −0.0454, its value increases if Z and m1
are considered at their respective boundaries, see Fig. 2.
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The value of Z alone allows us to calculate certain decay widths in the model. For example, as a consistency check
we obtain Γa1→piγ = 0.640
+0.261
−0.231 MeV which is in good agreement with the experimental result. Also, given that the
a0 → ηNπ decay amplitude only depends on Z, it is possible to calculate the value of this amplitude, Eq. (32). For
Z = 1.67, we obtain Aa0→ηpi = 3939 MeV for the decay amplitude a0 → ηπ involving the physical η field if the η-η′
mixing angle of ϕ = −36◦ [32] is taken. The Crystal Barrel data [34] read A(exp)a0→ηpi = 3330 MeV and hence there
is an approximate discrepancy of 20%. If the KLOE Collaboration [33] value of ϕ = −41.4◦ is considered, then the
value of Aa0→ηpi = 3373 MeV follows – in perfect agreement with the Crystal Barrel value. From this we conclude
that this scenario prefers a relatively large value of the η-η′ mixing angle. In fact, if we use the Crystal Barrel value
A
(exp)
a0→ηpi = 3330 MeV as input, we would predict ϕ = −41.8◦ for the central value of Z as well as ϕ = −42.3◦ and
ϕ = −41.6◦ for the highest and lowest values of Z, respectively, i.e., ϕ = −41.8◦+0.2◦−0.5◦ . This is in excellent agreement
with the KLOE collaboration result ϕ = −41.4◦ ± 0.5◦.
2. The decay σ → pipi
The sigma decay width Γσ→pipi depends on all three parameters Z, m1 (originally h1), and mσ. In Fig. 3 we show
the dependence of this decay width on the sigma mass for fixed values of Z and m1, varying the latter within their
respective boundaries.
FIG. 3: Γσ→pipi as function of mσ for different values of Z and m1. The PDG [21] quotes Γ
(exp)
σ→pipi = (600− 1000)
MeV; the results from the chiral perturbation theory suggest Γσ→pipi = 544 MeV [39] and Γσ→pipi = 510 MeV [40].
Generally, the values that we obtain are too small when compared to the PDG data [21] and to other calculations
of the sigma meson decay width, such as the one performed by Leutwyler et al. [39] who found Γσ→pipi/2 = 272+9−12.5
MeV and Pela´ez et al. [40] who found Γσ→pipi/2 = (255 ± 16) MeV. The largest values for the decay width that we
were able to obtain within our model are for the case when Z is as small as possible, Z = 1.47, and m1 = 0, i.e., when
the ρ mass is solely generated by the quark condensate. As seen above, for this case the scattering lengths allow a
maximum value mσ = 477 MeV, for which Γσ→pipi ∼= 145 MeV. In all other cases, the decay width is even smaller.
However, as will be discussed in Sec. IV.A.3, the case m1 = 0 leads to the unphysically small value Γa1→σpi ≃ 0 and
should therefore not be taken too seriously. As apparent from Fig. 2, excluding small values of m1 would require
smaller values for mσ in order to be consistent with the scattering lengths. According to Fig. 3, however, this in turn
leads to even smaller values for the decay width.
Hence, we conclude that the isoscalar meson in our model cannot be f0(600), thus excluding that this resonance is
predominantly a q¯q state and the chiral partner of the pion. Then the interpretation of the isospin-one state a0(980)
as a (predominantly) quarkonium state is also excluded. The only choice is to consider Scenario II, see Sec. IV.B, i.e.,
to interpret the scalar states above 1 GeV, f0(1370) and a0(1450), as being predominantly quarkonia. If the decay
width of f0(1370) can be described by the model, this would be a very strong indication that these higher-lying states
can be indeed interpreted as (predominantly) q¯q states. Note that very similar results about the nature of the light
scalar mesons were also found using different approaches: from an analysis of the meson behaviour in the large-Nc
limit in Refs. [28] and [41] as well as from lattice studies, such as those in Refs. [42].
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We remark that the cause for preventing a reasonable fit of the light sigma decay width is the interference term
arising from the vector mesons in Eq. (37). In the unphysical case without vector meson degrees of freedom, a
simultaneous fit of the decay width and the scattering lengths is possible [35].
3. Decays of the a1 meson
We first consider the decay width Γa1→ρpi. For a given ma1 , this decay width depends only on Z. The PDG quotes
a rather large band of values, Γ
(exp)
a1→ρpi = (250 − 600) MeV. For ma1 = 1230 MeV, our fit of meson properties yields
Z = 1.67± 0.2. The ensuing region is shown as shaded area in Fig. 4. For ma1 = 1230 MeV, Γa1→ρpi decreases from
2.4 GeV to 353 MeV, if Z varies from 1.47 to 1.87.
We also observe from Fig. 4 that the range of values for Z, which give values for Γa1→ρpi consistent with the
experimental error band, becomes larger if one considers smaller masses for the a1 meson. We have taken ma1 = 1180
MeV andma1 = 1130MeV, the latter being similar to the values used in Refs. [12] and [43]. Repeating our calculations,
we obtain a new range of possible values for Z, Z ≃ 1.69±0.2 for ma1 = 1180 MeV and Z ≃ 1.71.±0.2 for ma1 = 1130
MeV. For the respective central values of Z we then compute Γ
ma1=1180 MeV
a1→ρpi = 483 MeV (Zma1=1180MeV = 1.69)
and Γ
ma1=1130 MeV
a1→ρpi = 226 MeV (Zma1=1130MeV = 1.71), in good agreement with experimental data. All other results
remain valid when ma1 is decreased by about 100 MeV. Most notably, the f0(600) decay width remains too small.
FIG. 4: Γa1→ρpi for different values of ma1 . The shaded area corresponds to the possible values of Γa1→ρpi as stated
by the PDG.
We also consider the a1 → σπ decay width. Experimental data on this decay channel [21] are inconclusive. The
value Γa1→σpi = 56 MeV is obtained for the central values of Z, m1, mσ, and Γf1→a0pi (which was used to constrain h2
via Z). Taking the limit m1 = 0 pulls the value of Γa1→σpi down to practically zero, regardless whether Z = Zmin or
Z = Zmax. This is an indication that the m1 = 0 limit, where mρ is completely generated from the quark condensate,
cannot be physical. Note that the case Z = Zmax = 1.87 and m1 ≡ mρ, i.e., where the quark condensate contribution
to the ρ mass vanishes, leads to a rather large value of Γa1→σpi , e.g., for the central value of mσ = 332 MeV the
value of Γa1→σpi = 120 MeV follows. Interestingly, this picture persists even if lower values of ma1 are considered.
Improving experimental data for this decay channel would allow us to further constrain our parameters.
4. The case of isospin-exact scattering lengths.
So far, the values of the scattering lengths used in our fit, a00 = 0.218±0.020 and a20 = −0.0457±0.0125 [37], account
for the small explicit breaking of isospin symmetry due to the difference of the up and down quark masses. However,
in our model the isospin symmetry is exact. Thus, one should rather use the isospin-exact values a
0 (I)
0 = 0.244±0.020
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and a
2 (I)
0 = −0.0385 ± 0.0125 [44]. In this section we will briefly show that the conclusions reached so far remain
qualitatively unchanged if the isospin-exact values for the scattering lengths are considered.
Performing the χ2 fit, Eq. (43), with Γa1→piγ , a
0 (I)
0 and a
2 (I)
0 as experimental input yields Z = 1.67±0.2 – unchanged
in comparison with the previous case (Z is largely determined by Γa1→piγ which is the same in both χ
2 calculations),
h1 = −116± 70, and mσ = (284± 16) MeV. Note that in this case the errors are much smaller than previously. The
reason is that the mean value of mσ is almost on top of the two-pion decay threshold and thus leads to an artificially
small error band. For such small values of mσ the decay width Γσ→pipi is at least an order of magnitude smaller than
the physical value, but even for values of mσ up to 500 MeV (not supported by our error analysis) the decay width
never exceeds 150 MeV, see Fig. 3.
B. Scenario II: Scalar Quarkonia Above 1 GeV
1. General discussion
A possible way to resolve the problem of the unphysically small two-pion decay width of the sigma meson is to
identify the fields σ and a0 of the model with the resonances f0(1370) and a0(1450), respectively. Thus, the scalar
quarkonium states are assigned to the energy region above 1 GeV. In the following we investigate the consequences
of this assignment. However, the analysis cannot be conclusive for various reasons:
(i) The glueball field is missing. Many studies find that its role in the mass region at about 1.5 GeV is crucial,
since it mixes with the other scalar resonances.
(ii) The light scalar mesons below 1 GeV, such as f0(600) and a0(980), are not included as elementary fields in our
model. The question is if they can be dynamically generated from the pseudoscalar fields already present in our
model by solving a Bethe-Salpeter equation. If not, they should be introduced as additional elementary fields
from the very beginning [see also the discussion in Ref. [14]].
(iii) Due to absence of the resonance f0(600), the ππ scattering length a
0
0 cannot be correctly described at tree-level:
whereas a20 stays always within the experimental error band, a
0
0 clearly requires a light scalar meson for a proper
description of experimental data because a large value ofmσ drives this quantity to the Weinberg limit (≃ 0.159)
which is outside the experimental error band.
Despite these drawbacks, we turn to a quantitative analysis of this scenario.
2. Decay of the a0(1450) meson
As in Scenario I, the parameter g2 can be expressed as a function of Z by using the ρ → ππ decay width (27).
However, the parameter h2 can no longer be fixed by the f1 → a0π decay width: the a0 meson is now identified with
the a0(1450) resonance listed in Ref. [21], with a central mass of ma0 = 1474 MeV, and thus f1 is too light to decay
into a0 and π. One would be able to determine h2 from the (energetically allowed) decay a0(1450) → f1π, but the
corresponding decay width is not experimentally known.
Instead of performing a global fit, it is more convenient to proceed step by step and calculate the parameters
Z, h1, h2 explicitly. We vary mσ ≡ mf0(1370) within the experimentally known error band [21] and check if our result
for Γf0(1370)→pipi is in agreement with experimental data.
We first determine Z from a1 → πγ, Eq. (36), and obtain Z = 1.67± 0.21. We then immediately conclude that the
a1 → ρπ decay width, Eq. (39), will remain the same as in Scenario I because this decay width depends on Z (which
is virtually the same in both scenarios) and g2 [which is fixed via Γρ→pipi, Eq. (28), in both scenarios].
The parameter h1, being large-Nc suppressed, will be set to zero in the present study. We then only have to
determine the parameter h2. This is done by fitting the total decay width of the a0(1450) meson to its experimental
value [21],
Γa0(1450)(Z, h2) = Γa0→piη + Γa0→piη′ + Γa0→KK + Γa0→ωpipi ≡ Γ(exp)a0(1450) = (265± 13) MeV. (45)
Although kaons have not been included into the calculations, we can easily evaluate the decay into KK by using
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flavour symmetry
Γa0(1450)→KK(Z, h2) = 2
k(ma0 ,mK ,mK)
8πm2a0
[Aa0KK(Z, h2)]
2 , (46)
Aa0KK(Z, h2) =
1
2Zfpi
{
m2ηN −m2a0 +
(
1− 1
Z2
)[
1− 1
2
Z2φ2
m2a1
(h2 − h3)
]
(m2a0 − 2m2K)
}
. (47)
The remaining, experimentally poorly known decay width Γa0(1450)→ωpipi can be calculated from the sequential decay
a0 → ωρ→ ωππ. Note that the first decay step requires the ρ to be slightly below its mass-shell, sincema0 < mρ+mω.
We denote the off-shell mass of the ρ meson by x. From the Lagrangian (1) we obtain the following formula for the
a0 → ωρ decay width:
Γa0(1450)→ωρ(x) =
k(ma0 ,mω, x)
8πm2a0
(h2 + h3)
2Z2f2pi
[
3− x
2
m2ρ
+
(m2a0 − x2 −m2ω)2
4m2ωm
2
ρ
]
.
The full decay width Γa0(1450)→ωpipi is then obtained from the following equation:
Γa0(1450)→ωpipi =
∫ ∞
0
dxΓa0→ωρ(x) dρ(x) , (48)
where dρ(x) is the mass distribution of the ρ meson, which is taken to be of relativistic Breit-Wigner form:
dρ(x) = N
x2Γ
(exp)
ρ→pipi
(x2 −m2ρ)2 +
(
xΓ
(exp)
ρ→pipi
)2 θ(x − 2mpi) , (49)
where Γ
(exp)
ρ→pipi = 149.1 MeV and mρ = 775.49 MeV [21]. (In general, one should use the theoretical quantity Γρ→pipi,
which is itself a function of x, instead of Γ
(exp)
ρ→pipi , see for instance Ref. [45] and refs. therein. This is, however,
numerically irrelevant in the following.) The normalization constant N is chosen such that
∞∫
0
dx dρ(x) = 1 , (50)
in agreement with the interpretation of dx dρ(x) as the probability that the off-shell ρ meson has a mass between x
and x+ dx.
Inserting Eqs. (33), (35), (46), and (48) into Eq. (45), we can express h2 as a function of Z, analogously
to Eq. (28) where g2 was expressed as a function of Z. Similar to that case, we obtain two bands for h2,
−115 ≤ h2 ≤ −20 and −25 ≤ h2 ≤ 10, the width of the bands corresponding to the uncertainty in determining
Z, Z = 1.67 ± 0.21. Both bands for h2 remain practically unchanged if the 5% experimental uncertainty of
Γ
(exp)
a0(1450)
is taken into account and thus we only use the mean value 265 MeV in the following. Since h1 is
assumed to be zero, Eq. (25) allows to express m1 as a function of Z, m1 = m1(Z, h1 = 0, h2(Z)) (we neglect
the experimental uncertainties of mρ, ma1 , and fpi). The result is shown in Fig. 5. The first band of (lower) h2
values should be discarded because it leads to m1 > mρ. The second set of (higher) values leads to m1 < mρ only
if the lower boundary for Z is 1.60 rather than 1.46. Thus, we shall use the set of larger h2 values and take the
constraint m1 < mρ into account by restricting the values for Z to the range Z = 1.67
+0.21
−0.07. As can be seen from Fig.
5, this sets a lower boundary for the value ofm1, m1 ≥ 580 MeV. Thus, in this scenario we obtain m1 = 720+55−140 MeV.
The values for the other parameters can be found in Table II (only central values are shown with the exception of
m1 where the corresponding uncertainties are stated as well).
Parameter h1 h2 h3 g1 g2 m
2
0 m1 λ1 λ2 c h0
Value 0 4.7 2.4 6.4 3.1 -811987 MeV2 720+55
−140 MeV -3.6 84 88747 MeV
2 1 · 106 MeV3
TABLE II: Central values of the parameters for Scenario II.
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FIG. 5: Dependence of m1 on Z. The upper curve corresponds to the lower band of h2 values and the lower curve to
the upper band of h2 values. The horizontal line corresponds to the experimental value for mρ.
Note that λ1 ≪ λ2, in agreement with the expectations from the large-Nc limit, Eq. (19). The value of m1 = 720
MeV is sizable and constitutes a dominant contribution to the ρ mass. This implies that non-quark contributions, for
instance a gluon condensate, play a decisive role in the ρ mass generation.
As a final step, we study the ratios Γa0(1450)→η′pi/Γa0(1450)→ηpi and Γa0(1450)→KK/Γa0(1450)→ηpi . Their experimental
values read [21]
Γ
(exp)
a0(1450)→η′pi
Γ
(exp)
a0(1450)→ηpi
= 0.35± 0.16 ;
Γ
(exp)
a0(1450)→KK
Γ
(exp)
a0(1450)→ηpi
= 0.88± 0.23. (51)
Using the central value Z = 1.67 and ϕ = −36◦ for the η−η′ mixing angle, we obtain Γa0(1450)→η′pi/Γa0(1450)→ηpi =
1.0 and Γa0(1450)→KK/Γa0(1450)→ηpi = 0.96. The latter is in very good agreement with the experiment, the former a fac-
tor of two larger. Note, however, that according to Eqs. (31) and (34) the value of the ratio Γa0(1450)→η′pi/Γa0(1450)→ηpi
is proportional to sin2 ϕ/ cos2 ϕ. If a lower value of the angle is considered, e.g., ϕ = −30◦, then we obtain
Γa0(1450)→η′pi/Γa0(1450)→ηpi = 0.58 for the central value of Z and the central value of Γa0(1450) in Eq. (45). Tak-
ing Z = Zmax and the upper boundary Γ
(exp)
a0(1450)
= 278 MeV results in Γa0(1450)→η′pi/Γa0(1450)→ηpi = 0.48, i.e., in
agreement with the experimental value. Therefore, our results in this scenario favour a smaller value of ϕ than the
one suggested by the KLOE Collaboration [33].
It is possible to calculate the decay width Γa0(1450)→ωpipi using Eq. (48). We have obtained a very small
value Γa0(1450)→ωpipi = 0.1 MeV. From Eq. (33) we obtain Γa0(1450)→ηpi = 89.5 MeV, such that the ratio
Γa0(1450)→ωpipi/Γa0(1450)→ηpi = 0.0012, in contrast to the results of Ref. [46].
3. Decay of the f0(1370) meson
It is now possible to calculate the width for the f0(1370)→ ππ decay using Eq. (37). The decay width depends on
the f0(1370) mass, Z, h1, and h2 which is expressed via Z using Eq. (45). The values of the latter three are listed in
Table II. In Fig. 6 we show the decay width as a function of the mass of f0(1370).
Assuming that the two-pion decay dominates the total decay width, we observe a good agreement with the experi-
mental values if mf0(1370) . 1380 MeV. Other contributions to the decay width are likely to reduce this upper bound
on mf0(1370) somewhat. Nevertheless, the correspondence with the experiment is a lot better in this scenario where
we have identified f0(1370) rather than f0(600) as the (predominantly) isoscalar q¯q state. Note that this result has
been obtained using the decay width of the a0(1450) meson (in order to express h2 via Z), which is also assumed to
be a scalar q¯q state in this scenario.
It is remarkable that vector mesons are crucial to obtain realistic values for the decay width of f0(1370): without
vector mesons, the decay width is ∼ 10 GeV and thus much too large. This is why Scenario II has not been considered
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in the standard linear sigma model.
FIG. 6: Dependence of the f0(1370) decay width on mf0(1370). The experimental value of the mass is expected to be
in the range 1200–1500 MeV, the width between 200 and 500 MeV [21].
The four-body decay f0(1370)→ 4π can also be studied. Similarly to the a0(1450)→ ωρ decay, we view f0(1370)→
4π as a sequential decay of the form f0(1370)→ ρρ→ 4π. The Lagrangian (1) leads to
Γf0(1370)→ρρ(x1, x2) =
3
16π
k(mf0 , x1, x2)
m2f0
(h1 + h2 + h3)
2
Z2f2pi
[
4− x
2
1 + x
2
2
m2ρ
+
(m2f0 − x21 − x22)2
4m4ρ
]
, (52)
where x1 and x2 are the off-shell masses of the ρ mesons. The decay width Γf0→4pi is then given by
Γf0(1370)→4pi =
∞∫
0
∞∫
0
dx1 dx2 Γf0(1370)→ρρ(x1, x2) dρ(x1) dρ(x2) ,
with Γf0(1370)→ρρ(x1, x2) from Eq. (52) and dρ(x) from Eq. (49).
Using the previous values for the parameters we obtain that the ρρ contribution for the decay is small:
Γf0(1370)→ρρ→4pi ≃ 10 ± 10 MeV. (The error comes from varying Z between 1.6 and 1.88.) Ref. [47] quotes 54
MeV for the total 4π decay width. Since Ref. [48] ascertains that about 26% of the total 4π decay width originates
from the ρρ decay channel, our result is consistent with these findings.
V. CONCLUSIONS AND OUTLOOK
We have presented a linear sigma model with vector mesons and global chiral invariance. The motivation for
considering global invariance rather than the standard Sakurai model with local chiral invariance (with the exception
of the vector-meson mass term) was that the latter fails to describe some important low-energy meson decay processes
correctly, most notably the two-pion decay width of the ρ meson [10]. This Lagrangian describes mesons as pure
quarkonium states. As shown in Sec. IV.A, the resulting low-energy phenomenology is in general in good agreement
with experimental data – with one exception: the model fails to correctly describe the f0(600) → ππ decay width.
This led us to conclude that f0(600) and a0(980) cannot be predominantly q¯q states.
Assigning the scalar fields σ and a0 of the model to the f0(1370) and a0(1450) resonances, respectively, improves the
results for the decay widths considerably. We have obtained Γf0(1370)→pipi ≃ 300-500 MeV for mf0(1370) = 1200-1400
MeV (see Fig. 6). Thus, the scenario in which the scalar states above 1 GeV, f0(1370) and a0(1450), are considered to
be (predominantly) q¯q states appears to be favoured over the assignment in which f0(600) and a0(980) are considered
(predominantly) q¯q states. However, a more detailed study of this scenario is necessary, because a glueball state with
the same quantum numbers mixes with the quarkonium states. This allows to include the experimentally well-known
resonance f0(1500) into the study.
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Of course, interpreting f0(1370) and a0(1450) as q¯q states leads to question about the nature of f0(600) and a0(980).
Their presence is necessary for the correct description of ππ scattering lengths that differ from experiment for too
large values of the isoscalar mass (see Sec. IV.A.1). We distinguish two possibilities: (i) They can arise as (quasi-
)molecular states. This is possible if the attraction in the ππ and KK channels is large enough. In order to prove
this, one should solve the corresponding Bethe-Salpeter equation in the framework of Scenario II. In this case f0(600)
and a0(980) can be classified as genuinely dynamically generated states and should not appear in the Lagrangian, see
the discussion in Ref. [14]. If, however, the attraction is not sufficient to generate the two resonances f0(600) and
a0(980) we are led to the alternative possibility that (ii) these two scalar states must be incorporated into the model
as additional tetraquark states. In this case they shall appear from the very beginning in the Lagrangian and should
not be considered as dynamically generated states. Of course, the isoscalar tetraquark, quarkonium, and glueball will
mix to produce f0(600), f0(1370), and f0(1500), and the isovector tetraquark and quarkonium will mix to produce
a0(980) and a0(1450).
The issue of restoration of chiral symmetry at nonzero temperature and density is one of the fundamental questions
of modern hadron and nuclear physics, see, e.g., Refs. [8, 17]. Linear sigma models constitute an effective approach
to study chiral symmetry restoration because they contain from the onset not only pseudoscalar and vector mesons,
but also their chiral partners with which they become degenerate once the chiral symmetry has been restored. Once
vacuum phenomenology is reasonably well reproduced within our model, we also plan to apply it to studies of chiral
symmetry restoration at nonzero temperatures and densities.
Another important check of the model is the description of the ALEPH data for the decay of the τ lepton into two
and three pions [49]. In this way, we will have a better constraint on the parameters of the model, e.g. the value for
the a1 mass.
An extension of the model to Nf = 3 can be performed [50]; with the exception of the strange quark condensate,
no further free parameters will arise in this extension. However, much more data are available for the strange mesons,
which constitute an important test for the validity of our approach.
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Appendix A: The full Lagrangian
This is the final form of the Lagrangian (1) that is obtained after the shifts (9) and the renormalisation of the
pseudoscalar wave functions; ρµν ≡ ∂µρν − ∂νρµ; aµν1 ≡ ∂µaν1 − ∂νaµ1 ; ( ~A)3 marks the third component of the vector
~A. Note that the term L4 contains the (axial-)vector four-point vertices [the terms ∼ g4,5,6,7 in the Lagrangian (1)].
We do not give the explicit form of L4 because it is not relevant for the results that are presented in this paper.
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L = 1
2
(∂µσ + g1Z ~π · ~aµ1 + g1wZ2 ∂µ~π · ~π + g1Zηfµ1 + g1wZ2η ∂µη)2
− 1
2
[
m20 − c+ 3
(
λ1 +
λ2
2
)
φ2
]
σ2
+
1
2
(Z∂µ~π + g1Z~ρ
µ × ~π − g1fµ1 ~a0 − g1wZ∂µη~a0 − g1σ~aµ1 − g1wZσ∂µ~π)2
+
1
2
(Z∂µη − g1σfµ1 − g1wZσ∂µη − g1 ~aµ1 · ~a0 − g1wZ ∂µ~π · ~a0)2
− 1
2
[
m20 − c+
(
λ1 +
λ2
2
)
φ2
]
Z2~π2 − 1
2
[
m20 + c+
(
λ1 +
λ2
2
)
φ2
]
Z2η2
+
1
2
[∂µ~a0 + g1~ρ
µ × ~a0 + g1Zfµ1 ~π + g1wZ2~π∂µη + g1Zη~aµ1 + g1wZ2η ∂µ~π]2
− 1
2
[
m20 + c+
(
λ1 +
3
2
λ2
)
φ2
]
~a20 −
λ2
2
[(σ~a0 + Z
2η ~π)2 + Z2~a20~π
2 − Z2(~a0 · ~π)2]
− 1
4
(
λ1 +
λ2
2
)
(σ2 + ~a20 + Z
2η2 + Z2~π2)2 −
(
λ1 +
λ2
2
)
φσ (σ2 + ~a20 + Z
2η2 + Z2~π2)
− λ2φ~a0 · (σ~a0 + Z2η ~π)− 1
4
(∂µων − ∂νωµ)2 + m
2
1
2
(ωµ)2
− 1
4
[∂µ~ρν − ∂ν~ρµ + g2~ρµ × ~ρν + g 2~aµ1 × ~aν1 + g2wZ∂µ~π × ~aν1 + g2wZ~aµ1 × ∂ν~π
+ g2w
2Z2(∂µ~π )× (∂ν~π)]2
+
m21
2
(~ρµ)2 − 1
4
(∂µfν1 − ∂νfµ1 )2 +
m21 + g
2
1φ
2
2
(fµ1 )
2 +
m21 + g
2
1φ
2
2
(~aµ1 )
2
− 1
4
[∂µ~aν1 − ∂ν~aµ1 + g2~ρµ × ~aν1 + g2wZ~ρµ × ∂ν~π + g2~aµ1 × ~ρν + g2wZ(∂µ~π)× ~ρν ]2
− g21 φ~a1µ · [~ρµ × Z~π − fµ1 ~a0 − wZ~a0 ∂µη]
− g21wZ φ∂µ~π · [Z~ρµ × ~π − fµ1 ~a0 − wZ∂µη~a0] + g21 φf1µ (~aµ1 · ~a0 + wZ∂µ~π · ~a0)
+ g21wZ φ∂µη (~a
µ
1 · ~a0 + wZ∂µ~π · ~a0)
+ g21 φσ [(f
µ
1 )
2 + 2wZf1µ∂
µη + w2Z2(∂µη)2]
+ g21 φσ [(~a
µ
1 )
2 + 2wZ~a1µ · ∂µ~π + w2Z2(∂µ~π)2]
− 1
2
g21φ
2
m2a1
Z2 (∂µη∂
µη + ∂µ~π · ∂µ~π)
+ eAµ{(~a0 × ∂µ~a0)3 + Z2(~π × ∂µ~π)3 − 4(~ρµν × ~ρν)3 − 4[(~a1ν + Zw∂ν~π)× ~aµν1 ]3
+ g1{2Z(fµ1 + Zw∂µη)(~a0 × ~π)3 + Z(σ + φ)[(~aµ1 + Zw∂µ~π)× ~π]3
+ η[~a0 × (~aµ1 + Zw∂µ~π)]3 − a30(a10ρµ1 + a20ρµ2)− Z2π3(π1ρµ1 + π2ρµ2)
+ ρµ3[(a10)
2 + (a20)
2 + Z2(π1)2 + Z2(π2)2]}
+ 4g2{[~ρ2ν + ~a21ν + Z2w2 (∂ν~π)2 + Zw~a1ν · ∂ν~π]ρµ3 + 2~ρν · (~aν1 + Zw∂ν~π)× (aµ31 + Zw∂µπ3)
− (~ρν · ~ρµ + ~a1ν · ~aµ1 + Zw~a1ν · ∂µ~π + Zw~aµ1 · ∂ν~π + Z2w2∂ν~π · ∂µ~π)ρν3
− (~ρµ · ~a1ν + ~aµ1 · ~ρν + Zw~ρµ · ∂ν~π + Zw~ρν · ∂µ~π)aν31 }}
+
e2
2
AµA
µ[(a10)
2 + (a20)
2 + Z2(π1)2 + Z2(π2)2 + 4(ρν1)2 + 4(ρν2)2
+ 4(a11ν + Zw∂νπ
1)2 + 4(a21ν + Zw∂νπ
2)2]
− 2e2AµAν [ρµ1ρν1 + ρµ2ρν2 + (aµ11 + Zw∂µπ1)(aν11 + Zw∂νπ1)
+ (aµ21 + Zw∂
µπ2)(aν21 + Zw∂
νπ2)] + Lh1,2,3 + Lg3 + L4
21
Lh1,2,3 =
(
h1
4
+
h2
4
+
h3
4
)(
σ2 + 2φσ + Z2η2 + ~a20 + Z
2~π2
)
(ω2µ + ~ρ
2
µ)
+
(
h1
4
+
h2
4
− h3
4
)(
σ2 + 2φσ + Z2η2 + ~a20 + Z
2~π2
) {f21µ + ~a21µ + Z2w2[(∂µη)2 + (∂µ~π)2]
+ 2Zw(f1µ∂
µη + ~a1µ · ∂µ~π)}
+
(
h1
4
+
h2
4
+
h3
4
)
φ2(ω2µ + ~ρ
2
µ) +
(
h1
4
+
h2
4
− h3
4
)
φ2(f21µ + ~a
2
1µ)
+ (h2 + h3)ωµ[(σ + φ)~a0 + Z
2η~π] · ~ρµ
+ (h2 − h3)[(σ + φ)~a0 + Z2η~π] · [f1µ~aµ1 + Zw(~a1µ∂µη + f1µ∂µ~π) + Z2w2(∂µη)(∂µ~π)]
+ (h2 + h3)Z(~a0 × ~π) · (ωµ~aµ1 + Zwωµ∂µ~π)
+ (h2 − h3)Z(~a0 × ~π) · (f1µ~ρµ + Zw~ρµ∂µη)
+ h3Z[η~a0 − (σ + φ)~π] · [~ρµ × (~aµ1 + Zw∂µ~π)]
− h3
2
{(~a0 × ~ρµ)2 − [~a0 × (~aµ1 + Zw∂µ~π)]2 + Z2(~π × ~ρµ)2 − Z2[~π × (~aµ1 + Zw∂µ~π)]2}
Lg3 = −4g3{∂µων [ωµων + fµ1 fν1 + ~ρµ · ~ρν + ~aµ1 · ~aν1 + Zw(fµ1 ∂νη + fν1 ∂µη + ~aµ1 · ∂ν~π + ~aν1 · ∂µ~π)
+ Z2w2(∂µη∂νη + ∂µ~π · ∂ν~π)]
+ (∂µf1ν + Zw∂µ∂νη)[ω
µfν1 + ω
νfµ1 + ~ρ
µ · ~aν1 + ~ρν · ~aµ1 + Zw(ωµ∂νη + ων∂µη + ~ρµ · ∂ν~π + ~ρν · ∂µ~π)]
+ ∂µ~ρν · [ωµ~ρν + ων~ρµ + fµ1 ~aν1 + fν1~aµ1 + Zw(~aµ1∂νη + ~aν1∂µη + fµ1 ∂ν~π + fν1 ∂µ~π) + Z2w2(∂µη∂ν~π + ∂νη∂µ~π)]
+ (∂µ~a1ν + Zw∂µ∂ν~π) · [fµ1 ~ρν + fν1 ~ρµ + ωµ~aν1 + ων~aµ1 + Zw(~ρµ∂νη + ~ρν∂µη + ωµ∂ν~π + ων∂µ~π)]}
+ 4eg3Aµ{ων [(~ρµ × ~ρν)3 + (~aµ1 × ~aν1)3 + Zw(∂µ~π × ~aν1)3 + Zw(~aµ1 × ∂ν~π)3 + Z2w2(∂µ~π × ∂ν~π)3]
+ (f1ν + Zw∂νη)[(~ρ
µ × ~aν1)3 + (~aµ1 × ~ρν)3 + Zw(~ρµ × ∂ν~π)3 + Zw(∂µ~π × ~ρν)3]}
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